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Abstract
Gravito-inertial waves can be excited at the interface of convective and radiative regions and by the Reynolds stresses in the
bulk of the convection zone. The magnitude of their energy ux will therefore vary with the properties of the convection.
To assess how convection changes with rotation, a simplied local monomodal model for rotating convection is presented
that provides the magnitude of the rms velocity, degree of superadiabaticity, and characteristic length scale as a function of
the convective Rossby number as well as with thermal and viscous diusivities. In the context of this convection model, two
models for assessing the gravito-inertial wave ux are considered: an interfacial model and a full treatment of the Reynolds
stress impact on the waves. It is found that there are regimes where the sub-inertial waves may carry a signicant energy ux
relative to pure gravity waves that depend upon the convective Rossby number, the ratio of the buoyancy time-scale in the
stable region to the convective overturning time, and the wave frequency.
1 Introduction
Convection in stars is driven through buoyancy and
doubly-diusive instabilities, where it primarily serves to
transport the energy released deep within the star or planet
through regions where radiative energy transport is ine-
cient. Moreover, convection directly and nonlocally trans-
ports heat and chemicals through advection, entrainment,
and dissipative processes (e.g., Miesch & Toomre, 2009;
Kupka & Muthsam, 2017; Garaud, 2018). In the presence
of rotation, convection can also transport angular momen-
tum through Reynolds stresses and meridional ows to es-
tablish and maintain a dierential rotation (e.g., Glatzmaier
& Gilman, 1982; Kichatinov, 1986; Brun & Toomre, 2002; Mi-
esch & Toomre, 2009). Convective motions that penetrate
into subadiabatic regions also generate waves that propa-
gate in the otherwise quiescent regions, providing another
means for transport and mixing in those regions (e.g., Zahn
et al., 1997; Kumar et al., 1999; Mathis, 2009). Gravito-inertial
waves can be generated both near the transition between
convectively stable and unstable regions and throughout the
convection zone itself, while they propagate into the radia-
tion zone (e.g., Press, 1981; Rogers et al., 2013; Lecoanet et al.,
2015). They therefore transport angular momentum and
chemical species, which are deposited where these waves are
dissipated either through thermal diusion, nonlinear wave
breaking (e.g., Rogers, 2015; Rogers & McElwaine, 2017), or at
critical layers (Alvan et al., 2013; Jouve & Ogilvie, 2014). Such
waves have been identied through asteroseismology as one
of the candidates to explain angular momentum transport
within stellar radiation zones across the entire Hertzsprung-
Russell diagram (e.g., García et al., 2007; Saio et al., 2015; Aerts
et al., 2017). Indeed, it has been demonstrated that for the
Sun, evolved low-mass stars, and early-type stars stochasti-
cally excited internal gravity waves can lead to an ecient
transport of angular momentum (e.g., Talon & Charbonnel,
2005; Mathis, 2013; Pinçon et al., 2017). When rotation are
present, gravito-inertial waves (e.g., Dintrans et al., 1999;
Dintrans & Rieutord, 2000; Davidson, 2013), as well as new
instabilities, can be excited. They can lead to other chan-
nels of global-scale transport phenomena, some of which can
become important through the coupling of inertial waves to
convection throughout the convectively unstable zone (e.g.,
Mathis, 2013; Mathis et al., 2014; Fuller et al., 2015; Stello et al.,
2016; Lecoanet et al., 2017). Therefore, the impact of rotation
on both the driving mechanism of internal waves in stars and
the transport induced by those waves needs to be understood
and claried.
In this work, a generalized version of a heuristic model
for convection for rotating systems is presented following
Stevenson (1979), Barker et al. (2014), and Augustson &
Mathis (2018). This model of convection is then employed to
estimate the gravito-inertial wave ux into the stable region
adjacent to the convective region. Following the arguments
of Press (1981) and André et al. (2017), the interfacial genera-
tion of gravito-inertial waves and their associated energy ux
is assessed with respect to this convection model in §4. Sub-
sequently, an estimate is given for the gravito-inertial wave
ux for waves excited by Reynolds stresses using the wave
amplitudes derived in Mathis et al. (2014) and the turbulence
model constructed here and in Lecoanet & Quataert (2013).
A summary of the results and perspectives are presented in
§5.
2 General Framework
The heuristic model will be considered to be local such
that the length scales of the ow are much smaller than either
density or pressure scale heights. This is equivalent to ignor-
ing the global dynamics and assuming that the convection
can be approximated as local at each radius and colatitude
in a star or planet. As such, one may consider the dynamics
to be Boussinesq. In other words, the model consists of an
innite Cartesian plane of a nearly incompressible uid with
a small thermal expansion coecient αT = −∂ ln ρ/∂T |P
that is conned between two impenetrable plates diering in
temperature by ∆T and separated by a distance `0. As seen
in many papers regarding Boussinesq dynamics (e.g., Chan-
drasekhar, 1961), the linearized Boussinesq equations can be
reduced to a single third-order in time and eighth-order in
space equation for the vertical velocity. The dierence here,
and in the work of Stevenson (1979), is that the state that
the system is being linearized about is nonlinearly saturated,
meaning that the potential temperature gradient is given by
the Malkus-Howard convection theory (e.g., Malkus, 1954;
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Howard, 1963). Together, these equations provide a disper-
sion relationship on which the convection model can be con-
structed. The details of how this model can be constructed
are given in Augustson & Mathis (2018). The parameters
needed to see how this model can be leveraged to give es-
timates of the rotational and diusive inuence are
z3 =
k2
k2z
, q =
N0
N
, O = q
√
3
2
cos θ
5piRoc
= qO0,
K = q
κk2z
N0
= qK0, V = q
νk2z
N0
= qV0, (1)
where k is the magnitude of the wavevector characterizing
the mode that maximizes the heat ux, kz is its vertical com-
ponent, and θ is the colatitude. Note that the variation of the
superadiabaticity for this system is given by  = HPβ/T ,
meaning that N2 = gαTT/HP , where HP is the pres-
sure scale height and N0 is the buoyancy ux of the non-
diusive and nonrotating system provided by the Malkus-
Howard convection theory, β is the potential temperature
gradient, κ is the thermal diusion coecient, ν is the vis-
cous diusion coecient. The convective Rossby number is
Roc =
v0
2Ω0`0
=
√
6N0
10piΩ0
, (2)
where Ω0 is the constant angular velocity of the system and
use has been made of the fact that the characteristic velocity
of the nonrotating system v0 is derived from the nonrotat-
ing and nondiusive case as v0 = s0/k0 =
√
6N0`0/ (5pi),
where s0 is the growth rate derived from the dispersion rela-
tionship in the nondiusive and nonrotating case. Two rel-
evant equations are the dispersion relationship linking the
normalized growth rate sˆ = s/N0 to q and z, and the heat
ux F to be maximized with respect to z(
sˆ+K0qz
3
)(
z3
(
sˆ+V0qz
3
)2
+4O20q
2
)
−(z3−1)(sˆ+V0qz3)=0, (3)
F
F0
=
1
q3
[
sˆ3
z3
+ V0qsˆ
2
]
. (4)
To assess the scaling of the superadiabaticity, the velocity,
and the horizontal wavevector, a further assumption must be
made in which the maximum heat ux is invariant to any pa-
rameters, namely that max [F ] = F0 so the heat ux is equal
to the maximum value F0 obtained in the Malkus-Howard
turbulence model for the nonrotating case. Therefore, build-
ing this convection model consists of three steps: deriving a
dispersion relationship that links sˆ to q and z, maximizing
the heat ux with respect to z, and assuming an invariant
maximum heat ux that then closes this three variable sys-
tem.
3 Convection Model
In the case of planetary and stellar interiors, the viscous
damping timescale is generally longer than the convective
overturning timescale (e.g., V0  N0). Thus, the maximized
heat ux invariance is much simpler to treat. In particular,
the ux invariance condition under this assumption is then
max [F ]
F0
=
sˆ3
q3z3
+
V0sˆ
2
q2
∣∣∣∣
max
≈ sˆ
3
q3z3
∣∣∣∣
max
= 1
=⇒ sˆ = qz +O(V0/N0). (5)
One primary assumption of this convection model is that
the magnitude of the velocity is dened as the ratio of the
maximizing growth rate and wavevector. With the above ap-
proximation, the velocity amplitude can be dened generally.
The velocity relative to the nondiusive and nonrotating case
scales as
v
v0
=
(
5
2
) 1
6 sˆ
qz3/2
=
(
5
2
) 1
6
z−
1
2 . (6)
To nd the scaling of the heat ux maximizing wavevector
k = z3/2 and the superadiabaticity /0 = q−2, one may nd
the implicit wavevector derivative of the growth rate sˆ from
Equation 3 and equate it to the derivative of the heat ux
∂F/∂z = sˆ/z, which neglects the heat ux arising from the
viscous eects. Using the heat-ux invariance, e.g. letting
sˆ = qz, the constraining dispersion relationship (Equation 3)
can be manipulated to solve for q as a function of z. Substi-
tuting this solution into the equation resulting from the ux
maximization yields an equation solely for the wavevector z:
z3
(
V0z
2+1
)2×[
3V0K0z
4
(
2z3−3)+ z2(V0+K0)(4z3−7)+2z3−5]−
6 cos2θ
25pi2Ro2c
[
K0
(
3V0z
5+z3+2
)
+V0
(
5z3−2)+3z]=0. (7)
4 Wave Excitation and Energy Flux
4.1 Gravito-Inertial Waves
Internal gravito-inertial waves (GIWs) are a class of uid
waves where buoyancy and the Coriolis acceleration serve
as the restoring forces (e.g., Lee & Saio, 1997; Dintrans &
Rieutord, 2000; Ballot et al., 2010; Prat et al., 2016). Within
stars and planets with convectively stable regions and poten-
tially convective regions, each class of possible waves have
frequency ranges over which they can propagate, permit-
ting nonlocal transport through radiative damping, corota-
tion resonances, as well as through nonlinear wave break-
ing (e.g., Schatzman, 1993; Mathis et al., 2008; Rogers, 2015;
Pinçon et al., 2017). Considering local approximations to
these waves, the following can be seen. Pure gravity waves
may propagate in stable regions if their frequency (ω) is less
than the Brunt-Väisälä frequency, and they are otherwise
evanescent. Pure inertial waves may propagate in rigidly-
rotating convective regions when their frequency is less than
twice the local rotation rate. In convectively stable regions
where rotation is important, GIWs may propagate if their
frequency falls within the range between ω− and ω+ (e.g.,
Gerkema & Shrira, 2005),
ω±=
1√
2
√
N2r +f
2+f2ss ±
√
(N2r +f
2+f2ss)
2 − (2Nrf)2,
(8)
where Nr is the Brunt-Väisälä frequency in the stably strat-
ied region, f = 2Ω0 cos θ, fss = 2Ω0 sin θ sinψ, and ψ is
an angle in the plane transverse to the local eective grav-
ity vector. At the pole in a convectively stable region, this
implies that the frequency must be between 2Ω0 and Nr for
the wave to propagate, where the Brunt-Väisälä frequency
is typically much larger than the rotational frequency in the
radiative core of late-type stars and the radiative envelope of
early-type stars (e.g., Aerts et al., 2010). More generally, at
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other latitudes, the hierarchy of extremal propagative wave
frequencies satisfy the inequalityω− < 2Ω0 < Nr < ω+. As
these waves propagate, the Brunt-Väisälä frequency varies,
for instance it becomes eectively zero in the convection
zone. This implies that waves in the frequency range ω <
2Ω0 are classied as sub-inertial GIWs in stable regions, be-
coming pure inertial waves in convective regions. Waves in
the frequency range ω ≥ 2Ω0 are classied as super-inertial
GIWs in the stable region become evanescent in the convec-
tive region as pure gravity waves.
4.2 Wave Excitation Mechanisms
One mechanism for exciting waves arises from stochastic
motions in the convection zone due to Reynolds stresses in-
teracting with evanescent super-inertial GIWs or propagat-
ing inertial and sub-inertial waves as well as directly exciting
those waves when the convective ows penetrate into radia-
tive zones. Such excitation mechanisms have been captured
in experiments and detected observationally (e.g., Neiner
et al., 2012; Aerts & Rogers, 2015; Le Bars et al., 2015). More-
over, the convective excitation of waves and their associated
transport processes have been examined extensively both
through theoretical modeling (e.g., Press, 1981; Belkacem
et al., 2009; Pinçon et al., 2016) and through numerical sim-
ulations of convective ows interacting with a stable layer
(e.g., Rogers et al., 2013; Alvan et al., 2015; Lecoanet et al.,
2015). Turbulence in convective regions is modied by rota-
tion and the rate of downscale energy transfer is reduced. In
regimes of rapid rotation (e.g., low convective Rossby num-
ber), strongly anisotropic ows develop that result from non-
linear interactions of propagative inertial waves (e.g., David-
son, 2013). Such dynamics take place whether or not there
is a stably stratied region. However, when a stable zone
is present, there are two distinct regimes: one where turbu-
lence weakly inuenced by rotation is coupled with evanes-
cent super-inertial GIWs and another where turbulence is
strongly inuenced by rotation and is thus intrinsically and
strongly coupled with sub-inertial GIWs (e.g., Galtier, 2003;
Clark di Leoni et al., 2014; Mathis et al., 2014). Neverthe-
less, these GIW and convection interactions and the trans-
port processes arising from them have not yet been taken
into account. However, some steps toward incorporating
them into stellar models have already been achieved. For
instance, there has been a substantial eort to account for
the transport of angular momentum and chemical species by
pure gravity waves in pre-main-sequence stars to stars in the
penultimate pre-supernovae state (e.g., Talon & Charbonnel,
2008; Charbonnel et al., 2013; Fuller & Ro, 2018).
4.3 Interfacial Gravito-Inertial Wave Flux Estimates
There are many models for estimating the magnitude of
the gravity wave energy ux arising from the waves excited
by convective ows. One of the rst and most straightfor-
ward of such estimates is described in Press (1981), where the
wave ux across an interface connecting a convective region
to a stable zone is computed by matching their respective
pressure perturbations at that interface. Because the wave
excitation occurs at an interface, the pressure perturbations
are more important than the Reynolds stresses of the ows.
What is more, the model assumes that the convective source
is a delta function in space and time. So, the model permits
only a single horizontal spatial scale 2pi/kc and a single time
scale for the convection 2pi/ωc that also selects the depth
of the transitional interface where N(r) = ωc for gravity
waves, where ωc = ω0/
√
z with ω0 = 2piv0/`0, which lends
itself well to the above convection model. This approach
yields a wave ux proportional to the product of the convec-
tive kinetic energy ux and the ratio of the wave frequency
to the Brunt-Väisälä frequency in the case of gravity waves.
The convective model established above captures some as-
pects of the inuence of rotation on the convective ows.
Therefore, the impact of the Coriolis force on the stochas-
tic excitation of GIWs can be evaluated. In this context, re-
cent work has established an estimate of the GIW ux (André
et al., 2017). It can be used to estimate the rotational scaling
of the amplitude of the wave ux arising from the modied
properties of the convective driving. In André et al. (2017),
the vertical GIW energy ux is computed from the horizon-
tal average of the product of the vertical velocity and pres-
sure perturbation that, given the linearization of the Boussi-
nesq equations for monochromatic waves propagating in a
selected horizontal direction, can be evaluated to be
Fz =
1
2
ρ0
ω2 − f2
ωk2⊥
kzv
2
w, (9)
where vw is the magnitude of the vertical velocity of the
wave.
Following Press (1981), further assumptions are necessary
to complete the estimate of the wave ux. The convection
is turbulent. So the uctuating part of the velocity eld is of
the same order of magnitude as the convective eddy turnover
velocity vc ≈ ωc/kc, which implies that convective pressure
perturbations are approximately Pc = ρ0v2c . Assuming that
the pressure is continuous across the interface between the
convectively stable and unstable regions, the horizontally-
averaged pressure perturbations of the propagating waves
excited at the interface must then be equal to the turbulent
pressure on the convective side of the interface. Those pres-
sure perturbations follow from the solution for the vertical
velocity and the nondiusive Boussinesq equations. Flows in
a gravitationally stratied convective medium tend to have
an extent in the direction of gravity that is much larger than
their extent in the transverse directions. Therefore, the hor-
izontal wavenumber of the convective ows is much greater
than the vertical wavenumber. Within the context of the
single-mode convection model derived above, this implies
that k⊥,c ≈ ωc/vc. For ecient wave excitation, the fre-
quency of the wave needs to be close to the source frequency
(Press, 1981; Lecoanet & Quataert, 2013), which means that
the horizontal scale of the waves will be similar to that of
the convection. Therefore, the spectral density in frequency
space of the wave energy ux is approximately
Fz ≈ 1
2
ρ0v
3
cω
2
[
ω2f2ss +
(
N2r − ω2
) (
ω2 − f2)] 12
ω2f2s + (N
2
r − ω2) (ω2 − f2)
. (10)
Finally, taking the ratio of the rotation-inuenced ux to
the ux in the nonrotating case to better isolate the changes
induced by rotation, assuming that the Brunt-Väisälä fre-
quency is not directly impacted by rotation, and at a xed
wave frequency ω, one has that
Fz
F0
≈
(
v
v0
)3ω{(N2r −ω2)[ω2f2ss+(N2r −ω2) (ω2−f2)]}12
ω2f2s +(N
2
r −ω2) (ω2−f2)
,
(11)
with fs = 2Ω0 sin θ and fss dened as above. To make this
a bit more parametrically tractable, one can normalize the
wave frequency as σ = ω/Nr , and cast the rotational terms
into a product of the stiness of the transition S = Nr/N0,
with the convective Rossby number as dened above in §2
with Equations 1 and 2. Doing so yields
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Figure 1: Convective Rossby number dependence of the ratio
of the interfacial gravity wave ux excited by rotating con-
vection relative to the nonrotating case Fz/F0 for the non-
diusive convection model at θ = pi/4, with an interface
stiness of S = 103 and a horizontal direction of ψ = pi/2.
The red dashed line indicates the lower frequency cuto σ−,
the green dashed line indicates the upper cuto frequency
of σ = 1 since the wave ux is being compared to a non-
rotating case, whereas the blue dashed line indicates a wave
Rossby number of R˜ow = 1. The vertical dashed orange line
indicates the critical convective Rossby number.
Fz
F0
≈
(
v
v0
)3[
Ro−2w sin
2θ+
(
σ−2−1)(1−Ro−2w cos2θ)]−1[(
σ−2−1)Ro−2w sin2θ sin2ψ+(σ−2−1)2(1−Ro−2w cos2θ)]12,
(12)
where Row = ω/2Ω0 = 5piσRocS/
√
6 and the wave Rossby
number is R˜ow = Row/
√
sin2 θ sin2 ψ + cos2 θ.
This is depicted in Figure 1, where the colored region ex-
hibits the magnitude of the logarithm of the ux ratio. An
interfacial stiness of S = 103 is chosen as it is a rough esti-
mate of the potential stiness in most stars, being the ratio of
the buoyancy time-scale in the stable region to the convec-
tive overturning time. The choice of latitude determines the
width of the frequency band of sub-inertial waves, where it is
a minimum at the pole and maximum near the equator, with
θ = pi/4 here and θ ≈ pi/2 shown in Augustson & Mathis
(2018). The direction ofψ = {−pi/2, pi/2} is chosen as it rep-
resents the maximum value of the ux ratio for the choice of
other parameters and represents the waves travelling toward
either of the poles as the ux ratio is an even parity func-
tion of the horizontal direction. Specically, the poleward
wave ux ratio is greater than the other extremal choice of
the prograde or retrograde wave ux ratios. In particular,
given the range of ω±, there are no sub-inertial waves in the
prograde or retrograde propagation case (ψ = {0, pi}, re-
spectively), whereas the super-inertial waves may still prop-
agate with roughly the same frequency range. The white re-
gion corresponds to the domain of evanescent waves for a
given Rossby number with frequencies below the lower cut-
o frequency (σ−, dashed red line) for propagating GIWs. At
frequencies above this threshold there is a frequency depen-
dence of the ux ratio until reaching the upper cut-o where
σ = ω/Nr = 1, which arises due to the domain of validity
when comparing GIW to gravity wave uxes. Indeed, grav-
ity waves may propagate if ω < Nr , whereas super-inertial
GIWs may propagate even when Nr < ω < ω+. The tran-
sition between super-inertial and sub-inertial waves is de-
marked with the dashed green line, with super-inertial waves
for R˜ow > 1 and sub-inertial waves for R˜ow < 1. Here,
interfacially-excited super-inertial waves exhibit both a fre-
quency and convective Rossby number dependence. Speci-
cally, the wave ux decreases algebraically with frequency at
a xed convective Rossby number and have a reduced ux for
convective Rossby numbers below unity. The interfacially-
excited sub-inertial waves possess a small frequency domain
at a xed convective Rossby number over which they are
propagative. The sub-inertial wave ux increases with de-
creasing convective Rossby number until a critical convec-
tive Rossby number Roc,crit =
√
6/ (5piS) as depicted by
the vertical dashed orange line in Figure 1. Below this criti-
cal convective Rossby number, the sub-inertial wave ux de-
creases and their frequency domain is further restricted un-
til it vanishes entirely and there are no propagative super-
inertial waves . The eect of the stiness is to lower (raise)
the value of the critical convective Rossby number for larger
(smaller) values of S, which corresponds to the ratio of the
buoyancy time-scale in the radiative zone to the convective
overturning time. This may have important consequences
for the wave-induced transport of angular momentum dur-
ing the evolution of rotating stars. In particular, the con-
vective Rossby number can vary by several orders of mag-
nitude over a star’s evolution from the PMS to its ultimate
demise. Moreover, it can vary internally as a function of ra-
dius due to the local amplitude of the convective velocity and
due to transport processes, angular momentum loss through
winds, and structural changes that modify the local rotation
rate (e.g., Landin et al., 2010; Mathis et al., 2016; Charbonnel
et al., 2017).
4.4 Reynolds Stress Contributions to GIW Ampli-
tudes
So far, the wave excitation mechanism has been consid-
ered to be interfacial, as in Press (1981). Yet this estimate
omits wave ux linked to their excitation by convective
Reynolds stresses (e.g., Belkacem et al., 2009; Samadi et al.,
2010; Lecoanet et al., 2015). The amplitude and the wave ux
of the GIWs may be estimated using the results of Mathis
et al. (2014), where the impact of rotation on the waves is
treated coherently. In a means similar to Goldreich & Ku-
mar (1990) and Lecoanet & Quataert (2013), although with a
greater degree of computational complexity, one may derive
the wave amplitudes for GIWs in a f-plane. One must rst
nd solutions to the homogeneous Poincaré equation for the
GIWs and then use linear combinations of those solutions
to construct solutions to the forced Poincaré equation as in
Appendix B of Gerkema & Shrira (2005) and Equation 27 of
Mathis et al. (2014). Those solutions can then be employed to
construct asymptotic expressions for the wave amplitude for
a given forcing function in the convection zone as in Equa-
tions 28 and 29 of Mathis et al. (2014). This can be evaluated
analytically using the properties of the Fourier transform, the
convolution theorem, and the properties of Dirac delta func-
tions (see Augustson & Mathis (2018) for details).
Precisely dening the spectral properties of the Reynolds
stresses in rotating thermal convection is a dicult task. The
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symmetries of homogeneous and isotropic stirred turbulence
do not generally exist in these systems. Thus, for simplicity
and as a rst approximation, the turbulence model presented
in Lecoanet & Quataert (2013) is adopted here. In this model,
the convection is treated as a Kolmogorov-Heisenberg spec-
trum of eddies, with the eddies spanning the size spectrum
from a maximum cut o size of H to eddies of size h < H
and with a large-scale turnover frequency of ωc and eddy
time-scale with ωe > ωc. The eddy velocity thus scales as
uh = uc(h/H)
1/3 = uc(ωe/ωc)
−1/2, where ωe = uh/h and
uc is the rms convective velocity. Thus, the Reynolds stresses
due to a single eddy are considered to be v̂ivj ∝ h3u2h. Given
this prescription of convection, one may estimate the magni-
tude of the forcing function due to the convective Reynolds
stresses in the forced Poincaré equation that describes the
wave motion. Specically, the amplitude of the waves may
be estimated, which leads to subsequent scaling relationships
for the spectral density ∂2P/∂ lnω∂ ln k⊥ of the wave ux
that has been integrated in horizontal wavevector k⊥. These
scaling relationships for the gravity wave ux have shown
to hold up well in numerical simulations (e.g., Couston et al.,
2018). With a turbulence model in hand, one may closely fol-
low Lecoanet & Quataert (2013) with some new assumptions
about the mode number density to nd the scaling for the
wave ux ratio, where it is left to the reader to seek out the
details of the derivation in Augustson & Mathis (2018). Note
that again S = Nr/N0 and ω2c = 6v2N20 /(25pi2v20). Thus,
following the approach in the interfacial excitation case for
nondimensionalizing the Reynolds stress driven ux ratio es-
timate, one has that
Fz,j
F0
=
nz
∫
dk⊥djG2j
n0p2
∫
dk⊥djG2j
∣∣
0
(
v
v0
) 9
2 (
1− Ro−2w cos2 θ
)3
× ([`sL−1 − 6`0L−1/ (25pi2S2)]σ−2 − 1)
× {[`sL−1 − 6`0L−1/ (25pi2S2)] (1− Ro−2w cos2 θ)σ−2
+ R˜o
−2
w − 1
}−1
, (13)
where Row = ω/2Ω0 =
√
25/6piRocSσ and j = sub or
sup for sub-inertial and super-inertial waves respectively,
and p =
√
1− R˜o−2w /
(
1− Ro−2w cos2 θ
)
. The ratio of the
mode number densities is
nz
n0
=
[
`sL
−1
∣∣∣∣ σ−2 − 11− Ro−2w cos2 θ + δ
2Ro−2w
cos2 θ
∣∣∣∣
1
2
+`0L
−1
∣∣∣∣∣δ2Ro−2wcos2 θ − 6v2σ−2/
(
25pi2v20S
2
)
+ 1
1− Ro−2w cos2 θ
∣∣∣∣∣
1
2

×
[
`sL
−1 (σ−2 − 1) 12 + `0L−1 (6σ−2/ (25piS2)+ 1) 12 ]−1,
(14)
where the horizontal phase shift is δ =
sin θ cos θ sinψ/
(
1− Ro−2w cos2 θ
)
. The Fourier trans-
forms and convolutional integrals of the asymptotic
eigenfunctions for the GIWs and the convective source
function result in an integral of the wave-turbulence
interaction structure functions nzdjGj with respect to the
horizontal wave number. These functions are composed of a
mode excitation depth dj , a wave structure function Gj , and
a mode number density nz . For the super-inertial waves,
this is
Qsup =
∫ k⊥
2piL−1
dk′⊥dsupG2sup
=
[
p2(2δ+ζ)
2
+
(
1+p2−δ2−δζ)]×∫ k⊥
2piL−1
dk′⊥`0e−k
′⊥(p`0+2∆)
=
[
p2(2δ+ζ)
2
+
(
1+p2−δ2−δζ)] [`s`−10 ∆ + p]−1×[
e−2piL
−1(`s∆+p`0) − e−k⊥(`s∆+p`0)
]
. (15)
For the sub-inertial waves, this is
Qsub =
∫ k⊥
2piL−1
dk′⊥dsubG2sub =
∫ k⊥
2piL−1
dk′⊥`0×[
p2(2δ+ζ)
2
cos2(k⊥`s∆)+
(
δ2+δζ+p2−1)2sin2(k⊥`s∆)]
=
(k⊥L−2pi)
2`−10 L
[
p2(2δ+ζ)
2
+
(
δ2+δζ+p2−1)2]+[
p2(2δ+ζ)
2−(δ2+δζ+p2−1)2]×
sin [2k⊥`s∆]−sin
[
4pi`sL
−1∆
]
4`s`
−1
0 ∆
, (16)
where `0 = z2 − zc, `s = zc − z1, L = z2 − z1, are the
depths of the convection zone, stable layer, and whole do-
main respectively, with zc being the point of sharp variation
in the Brunt-Väisälä frequency modelled here using an Heav-
iside distribution. Here ζ is an anisotropy parameter for the
convective Reynolds stresses, with ζ = 1 for isotropic ows,
and
∆ = `s
∣∣∣∣ σ−2 − 11− Ro−2w cos2 θ + δ
2Ro−2w
cos2 θ
∣∣∣∣
1
2
, (17)
is the eective wave cavity size for a given frequency.
Figure 2 separately shows the ux ratio of convectively-
excited GIWs relative to gravity waves in a nonrotating limit
and omitting the factor ofQj/Qj |0, denoted asZ/Z0, as well
as the ux ratios that include this prefactor for the super-
inertial and sub-inertial waves. The parameters are chosen
to be the same as for the interfacial case (Figure 1), with
the additional choice of a symmetric domain and assuming
isotropic turbulence so that ζ = 1. Note that the eect of
ζ > 1 is to lower the GIW ux relative to the nonrotat-
ing case. In Figure 2(a), two distinct regions appear to the
left and to the right of the R˜ow = 1 line, which is drawn
in blue. Waves to the right of this line have R˜ow > 1 and
thus correspond to super-inertial waves, and those on the
left correspond to sub-inertial waves. The dashed red line
is the lower cuto frequency for propagative GIWs. Again
there is the critical convective Rossby number, depicted by
the vertical dashed orange line, below which there are no
super-inertial waves and only a small frequency band of sub-
inertial waves are permitted. From Figures 2(a) and (b), it is
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Figure 2: Convective Rossby number dependence of the ratio of the GIW ux excited by rotating convection relative to the
nonrotating case Fz/F0 for the nondiusive convection model at θ = pi/4, with an interface stiness of S = 103, a horizontal
direction of ψ = pi/2, in a symmetric domain where `s = `0 = L/2, and with ζ = 1. (a) The ux Z/Z0 is shown without the
inuence of the Qj , which serves to highlight its inclusion in the next two panels. In all panels, the dashed red line denotes
the lower wave frequency cuto σ−, whereas the dashed blue line corresponds to R˜ow = 1. The vertical dashed orange line
indicates the critical convective Rossby number. The upper cuto is σ = 1 as this is the maximum frequency for which the
rotating and non-rotating cases can be compared. (b) The total wave ux Fz,sup/F0 for the super-inertial waves, illustrating
the truncation of the frequency spectrum due to Qsup. (c) The total wave ux Fz,sup/F0 for the sub-inertial waves, exhibiting
the increasing ux enhancement when σ is such that R˜ow ≈ 1 and Roc < Roc,crit.
clear that the ux ratio decreases for super-inertial waves
as the convective Rossby number decreases, just as in the
interfacial excitation model discussed above and shown in
Figure 1. Moreover, this also indicates that the frequency
range of the GIWs remains restricted at lower Rossby num-
bers when comparing to the interfacially-excited GIWs. In-
deed, the convectively-excited super-inertial waves have a
more restricted frequency range due to the exponential be-
havior of theQsup factor when compared to the interfacially-
excited waves. Particularly, the ux ratio drops below the
lower cuto value of 10−8 and becomes vanishingly small
in the white region between the dark lower bound and the
dashed blue line. The convectively-excited sub-inertial GIW
ux ratio is shown in Figure 2(c), where it is evident that the
waves remain highly restricted to a narrow frequency band
as is the case for the interfacially-excited sub-inertial waves.
However, when the convective Rossby number is below the
critical convective Rossby number, the convectively-excited
sub-inertial waves have an exponentially increasing ux ra-
tio with decreasing Rossby number. For sub-inertial waves
propagating in regions where the convective Rossby num-
ber is greater than that critical value, there is a very narrow
band of frequencies close to σ = σ− for which the ux ra-
tio is very large in an apparent resonance. Given the form of
Qsub, this is expected due to the inverse dependence ofQsub
on ∆. The super-inertial waves, on the other hand, have
Qsup ∝ (∆ + p)−1 and so do not have the same peaked fea-
ture. When further comparing the interfacially-excited and
the convectively-excited GIWs, it appears that there is a tran-
sition in frequency below which the convectively-excited
super-inertial waves will have a greater ux ratio than the in-
terfacially excited ones. The sub-inertial waves, on the other
hand, have a much richer suite of behavior, with there be-
ing a transition in convective Rossby number where a sim-
ilar exchange between the dominant excitation mechanism
occurs. There is also a broader range of frequencies where
the interfacially-excited sub-inertial waves have an appre-
ciable ux ratio, and yet a very strong resonant peak for the
convectively-excited waves that dwarfs the magnitude of the
ux ratio of interfacially-excited waves. Such resonances are
not without precedence, as they appear in numerical simula-
tions (Rogers et al., 2013) and may be at the origin of stochas-
tically excited sub-inertial waves observed for some rapidly
rotating stars Neiner et al. (2012).
5 Summary and Discussion
A simple model of rotating convection originating with
Stevenson (1979) has been extended to include thermal and
viscous diusion for any convective Rossby number. More-
over, a systematic means of developing such models for an
arbitrary dispersion relation have also been shown. An ex-
plicit expression is given for the scaling of the horizontal
wavenumber in terms of the Rossby number and diusion co-
ecients under the constraint that the values of the diusive
time scale are less than the convective time scale (Equation
7). The scaling of the velocity in terms of that wavenumber
is also given. As shown in Augustson & Mathis (2018), these
match the expressions given in Stevenson (1979), as well as
the numerical results found in the 3D simulations of Käpylä
et al. (2005) and Barker et al. (2014) asymptotically at low
Rossby number and without diusion.
As a rst step in examining the impact of rotation on the
stochastic excitation of GIWs, the convection model is ap-
plied to the interfacial wave excitation paradigm developed
in Press (1981). Following the wave dynamics given in Mathis
et al. (2014) and André et al. (2017), one can derive that the
Press (1981) model implies that the wave ux for propaga-
tive waves should decrease asymptotically as Ro3/5c . Also,
for a given stiness of the transition between the radiative
zone and the convection zone, the domain of allowed fre-
quencies for propagative waves steadily decreases as seen
in Figure 1. To better assess the inuence of the convec-
tive Reynolds stresses and of rotation on the GIWs, a third
wave ux estimate is constructed using an explicit compu-
tation of the amplitude for both the super-inertial and sub-
inertial waves derived in Mathis et al. (2014). The convec-
tion model of Lecoanet & Quataert (2013) is then invoked as
means of estimating the Reynolds stresses and their varia-
tion with rotation. It is found again that the wave ux de-
creases with Rossby number (Figure 2) due to the inuence
of the convective velocities. These uxes also depend upon
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the horizontal wave number of the wave. More strikingly,
however, the super-inertial waves additionally have a trun-
cated frequency spectrum of waves capable of transporting
energy whereas the sub-inertial waves have a small range of
frequencies centered around ω0 ∝ NrRo−1c over which their
ux is greatly increased to levels similar to the nonrotating
cases. In stark contrast to the interfacially excited waves, the
convectively-excited sub-inertial waves also exhibit an ex-
ponentially increasing wave ux relative to the nonrotating
case below a critical convective Rossby number. This may
have substantial consequences for the transport and mixing
of angular momentum, chemical species, and heat in rotating
stellar and planetary interiors.
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